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Abstract

When physical sensors are involved, such as im-
age sensors, the uncertainty over the input data is
often a major component of the output uncertainty
of machine learning models. In this work, we
address the problem of input uncertainty propaga-
tion through trained neural networks. We do not
rely on a Gaussian distribution assumption of the
output or of any intermediate layer. We propagate
instead a Gaussian Mixture Model (GMM) that of-
fers much more flexibility using the Split&Merge
algorithm. This paper’s main contribution is the
computation of a Wasserstein criterion to control
the Gaussian splitting procedure for which theo-
retical guarantees of convergence on the output
distribution estimates are derived. The method-
ology is tested against a wide range of datasets
and networks. It shows robustness, and generic-
ity and offers highly accurate output probability
density function estimation while maintaining a
reasonable computational cost compared with the
standard Monte Carlo (MC) approach.!

1. Introduction

Predictive uncertainty results from the combination of nu-
merous sources. The most studied uncertainty source in the
literature is the weight uncertainty (known in the commu-
nity by epistemic uncertainty (Der Kiureghian & Ditlevsen,
2009), translating the lack of data (i.e. knowledge) in the
training dataset. Among the most popular approaches, we
can cite methods such as Monte Carlo Dropout (Gal &
Ghahramani, 2016), variational inference with Bayes By
Backprop (Blundell et al., 2015), or based on Markov Chain
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Monte Carlo (Welling & Teh, 2011; Chen et al., 2014). The
second source of uncertainty in a deep neural network is
the inherent uncertainty of the data composing the train-
ing dataset (known in the community as aleatoric uncer-
tainty, and that cannot be reduced by increasing the num-
ber of training points). Proposed methods rely on adapted
loss functions (Kendall & Gal, 2017), quantile regression
(Tagasovska & Lopez-Paz, 2019), or ensemble distillation
(Malinin et al., 2019) and try to capture the uncertainty
induced by noisy trainable data points at inference time.
This allows, in particular, to improve the prediction per-
formance and increase the detection of out-of-distribution
samples. The scope of this paper is to assess the predic-
tive uncertainty induced by the input uncertainty (of the
test data point) at inference time for a not-editable trained
neural network. This amounts to estimating the output prob-
ability density function (PDF) for new samples not seen
by the neural network. Such problem arises especially in
a laboratory setting to investigate the robustness of trained
neural networks to corrupted inputs. Among many other
examples, it can be used in the field of autonomous driving
to develop neural networks capable of learning proper driv-
ing maneuvers and thus be highly resilient to various types
of input noise (brightness, blur, vibrations, sensor noise,
...). Equally, this issue is raised in an embedded context,
where time constraints prevent MC sampling. Our proposed
method allows for distribution propagation while staying
within a designated time budget, producing an estimate and
an upper bound of the error. Literature on this problem is
less abundant and lacks generic methods with mathematical
guarantees over the estimation.

We suggest building upon a long history of the Split&Merge
paradigm to propagate a distribution through non-linear
models. This paradigm was originally proposed by Soren-
son & Alspach (1971), who use Kalman filters for linear
filtering problems, with an extension to non-linear problems
in (Alspach & Sorenson, 1972). This method was taken
up again and improved as time went by. We can note in
particular the integration of Unscented Transform (UT) sam-
pling (Julier & Uhlmann, 2004) by Faubel et al. (2009), an
update of adaptive weights in (Terefjanu, 2011), and finally
the integration of an entropy-based criterion for nonlinear
dynamical systems in (DeMars et al., 2013). This paradigm
will be detailed in Section 3.2. The proposed methodology
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uses a mixture of Gaussian distributions propagated through
the neural network via a splitting procedure controlled by a
Wasserstein distance criterion (see, e.g., Villani, 2009, Sect.
7.1). A mixture of Gaussian distributions allows one to esti-
mate the propagated PDF faithfully. The introduction of the
Wasserstein distance criterion offers a sound and suitable
criterion for detecting non-linearity in neural networks. As a
direct result, it helps control the number of Gaussian compo-
nents in the mixture. Theoretical guarantees of convergence
on the output distribution estimates are proposed in Sec-
tion 3. Finally, extensive experimental results demonstrate
that the proposed method performs favorably against the
state-of-the art approaches on the MNIST (LeCun, 1998),
CIFAR10 (Krizhevsky et al., 2009), CIFAR100 (Krizhevsky
et al., 2009), and Camelyon (Litjens et al., 2018) datasets.

2. Related Work: Input uncertainty
propagation through neural networks

Uncertainty propagated through a neural network under
Gaussian assumption.  This approach propagates the input
uncertainty by modeling the input and output distributions
as Gaussian. Following this approach, Astudillo & Neto
(2011) propagate the first two moments (through non-linear
layers) in a layer-wise fashion using UT sampling (Julier &
Uhlmann, 2004). In their work, Abdelaziz et al. (2015) use
a similar approach with additionally an analytical propaga-
tion through the sigmoid activation function alongside the
propagation of uncertainty in a full network fashion using
UT sampling. Later, Gast & Roth (2018) propagate the first
two moments analytically while assuming diagonal covari-
ance matrices, thereby neglecting the correlations within the
layers (called LPN for Lightweight Probabilistic Network).
Finally, Titensky et al. (2018) propagate the two first mo-
ments layer-by-layer using Extended Kalman Filtering. If
relying on shape assumptions to model the output distribu-
tion helps make the methods scalable, it does not guarantee
an accurate estimation of the output PDF. Indeed, when it
comes to studying input noise with a complex covariance
matrix structure, the unimodal Gaussian assumption over the
neural network output does not hold, the output density be-
ing often multimodal or asymmetric. Thus, the uncertainty
quantification of the prediction induced by the input distri-
bution cannot be summarized with a single estimate (Cox &
O’Hagan, 2022), but rather by its entire PDF, which, when
accurately estimated, allows, among other things, to derive
a % prediction interval, PI , within which falls a new
prediction with a % probability.

Uncertainty propagated through neural networks using
Gaussian mixture model (GMM). The first attempt to
propagate a Gaussian mixture (GM) distribution through
a neural network f: R ¥ R using the Split&Merge
paradigm (see Section 3.2 for details) was made by Zhang

& Shin (2021). For a Gaussian variable X 2 RY, the au-
thors measure the similarity between T(3X) and a first-order
Taylor approximation f(X) using the Kullback-Leibler di-
vergence of F(X) from F(X). Section 3.2 details how
the distribution of X is split into a mixture of smaller
Gaussians when the value of this divergence exceeds some
threshold. The Kullback-Leibler divergence is expressed
as an integral involving the densities of the distributions
of (X) and F(X) with respect to some dominant mea-
sure. Unfortunately, expressing the distribution of (X)
with a density is, in general, intractable for a neural net f.
To circumvent this issue, Zhang & Shin (2021) use recur-
sively the Split&Merge paradigm to propagate the distri-
bution through the linear layers and the activation func-
tions. Propagating (mixtures of) Gaussian distributions
through linear layers is straightforward. For a smooth in-
vertible activation function : RY ¥ RY (acting typically
componentwise), Zhang & Shin (2021) derive an upper
bound on the Kullback-Leibler divergence using the for-
mulap( (A)) = J (A) p(A), withJ (A) the Jacobian
matrix of . However, the Rectified Linear Unit (ReLU,
Maas et al., 2013) activation function is not invertible and,
more fundamentally, the Kullback-Leibler divergence of a
rectified Gaussian distribution from a continuous random
variable is always infinite. The authors bypass this issue
using the approximation given by a Leaky ReL.U activation
function with slope 1. However, Section 4 will show
experimentally that this approach is impracticable in the
presence of a noise significantly affected by the nonlinearity
of the network. This is due to the fact that a Leaky ReLLU
activation function with slope 1 still concentrates a
potentially significant fraction of probability mass in an
interval of the form [ O( ); 0]. In this case, the Kullback-
Leibler divergence of the leakily rectified Gaussian from
a Gaussian with a variance larger than O( ) becomes very
large. Consequently, the recursive Split&Merge paradigm
leads to an impractically high number of splits as soon as the
first (Leaky) ReLU activation function is encountered. For
these reasons, we were not able to implement their method-
ology in our experimental settings (Appendix A presents
theoretical elements to support it). The Wasserstein-based
criterion proposed in Section 3.3 helps crush these limits
by: 1) not requiring the use of densities; 2) being less sen-
sitive to small probability events; 3) making it possible to
use the Split&Merge paradigm on the whole network; and
4) ensuring theoretical convergence guarantees given in Sec-
tion 3.3.3.

3. Proposed Method (WGMprop)

In this section, we first define the notations that will be used
in the rest of the paper, then the classical Split&Merge al-
gorithm for Gaussian mixtures is introduced in section 3.2.
Section 3.3 exposes the motivations for using the new cri-
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terion based on the Wasserstein distance. Theoretical guar-
antees derived for this new criterion are presented in sec-
tion 3.3.3 and nally in section 3.4, the practical implemen-
tation of the method.

3.1. Framework

Write U 2 R® the multidimensional random variable of
probability distributionPy and with mean y and covari-
ance matrix y .

Let M be the space of mixtures of Gausgan distributions
and, forU such thatPy 2 M, write Py = - WiPuii,
with non-negativew;s summing to one ancPU i =

N ( u:i: u:i), andM the number of components in the
mixture. We will keep the symbold andw; generic for
any mixture, unless explicitly stated otherwise.

Furthermore, leS!( ; n) be a splitting operator de ned on

the space of Gaussian distributions and extended to Gaus-
sian mixtures by linearityS!( ; n) approximate®y by a
Gaussian mixture distribution of components:

Pow = sH(Py;n) = WiPg

i=1

Given someX 2 RY, the goal is to propagaty through
aL ».,-Lipschitz continuous neural netwofk R4 1 RY.
(More precisely, all the activation functions bfare as-
sumed to be Lipschitz continuous.) Leveraging the approx-
imation power of mixtures of Gaussian distributions (see,
e.g., Scott, 2015), we suppose from now on tha RY is

a multivariate normal random variable.

Using the previous notations—omitting the dependence of
M ons andn—, thes™ iteration

X

Pyt = SEI(Py ;n) = Wi Py ts1;

i=1
of S on Py will play a major role in this work.

Finally, letY and¥ I8! the random variables such thét=
f(X), Y] = f(X[s1) and letY 8] the random variable

step is reduced to the estimation of the output rst
two moments of such Gaussian, from which we obtain
the estimaté,. ;s ; obtained by moment matching of
the true output distributioRy (s;. ;- The moments can
be estimated by sampling techniques or analytically
derived when formulas are available.

step2hon-linearity detection: it quanties how
strongly the Gaussian distributid?, 5 ; was affected

by the non-linearity during the propagation utilizing

a thresholded discrepancy measure (threshold noted
Tspiit)-

step3splitting : it splits the input Gaussian distribu-
tion Py s1; Using a splitting operatds( ; n) in case

the local linearity assumption is invalidated in step2,
then restarts from stepl on the split components, oth-
erwisePy 51 ; remains unchanged. The splitting of a
multivariate Gaussian distributias ( ) consists

in splitting the distribution in a specic single di-

ction, following the formuleSM(N( ; );n) =
LOWiIN( i) with:
p__
Wi = owwg, =+ T i i 1)
~ = d|ag( l,,__ZJ,' R) (2)

where( ()1  r are the eigenvalues of, j is the
splitting directior}, w;, < and~ are xed parame-
ters (cf Appendix B). The split operator introduces
an approximation at each iteration, related to the stan-
dard error g.1 = W,(N (0; 1); SHI(N (0; 1); n)) > O.
However, we can nd a Gaussian mixture rendering
0.1 arbitrarily small, as long as a suf cient number
of components, with a reduced variance, are used in
the mixture. The splitting procedure stops when the
criterion computed in step2 becomes smaller than the
threshold.

stepdmerging: it merges similar components using a
thresholded discrepancy measure to reduce the num-
ber of components of the output estimated ARR;) .

This step is not applied in our work.

obtained by propagating each componer®gfs; through

The iterative process stops when all components of the

input mixture distribution satisfy the local linearity hy-
potheses made in stepl. Provided this happens at iter-
ation s, the resultmg GMMP (51, aBproxmate ofPy ,

. e _ byPysis1 = SEI(Px ;n) = Ppisr; =
The Split&Merge algorithm is an iterative process built ong given byPy. i (Pxin) = =1 Wil tel;
izt WiN( w15 ws1,). Then, by propagating each

4 steps. Atiteratios 2 N, with Py = Px , we apply the ) :
following steps for each componeRy (), of Py i component 0Py ;; by moment matching, one can easily
’ obtain an estimate dPy , denotedP. s, with Py =

f by moment matching.

3.2.Classical Split&Merge for Gaussian Mixture Model

* steplpropagation: it propagates, under linear assump-  2ihe axis along which the Gaussian mixture PDF terms are split

tiOl’?, the component th"OUQﬂ'l- Sint:e normal dism'. %It is worth noting that all components split the same amount of
butions are stable by linear operation, the propagationime have the same covariance matrix, and so the same eigenvalues

3
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P
i"il Wi Pyts1 - The proof of proposition 3.2 can be found in appendice D.

The essential matter when using this iterative algorithm isl_hiS can be interpreted as a bound on the average quantiles
the choice of the criterion acting as the non-linearity detec-

. ) o of the marginal distribution. Using the Wasserstein distance
tor. In the following section, we present a criterion based on . . L
the Wasserstein distance. doe; not allow bou'ndlng an arb|.trar)'/ guantile in general.
Unlike the KL metric, Wasserstein distances are relevant
for comparing probability measures when the reference dis-
tribution is not dominated by the other one. This situation
3.3.1. THE WASSERSTEIN METRIC arises, e.g., when comparify andP..(; for a neural

) ) o network using ReLU activation functions. As detailed in
The Wasserstein metric (see, e.g., Villani, 2009, p.118 an@ppendix A, in this setting, the KL distance between the
references therein) is a popular tool used notably in transsistribution is alwaysr 1 which makes it impossible to
portation t_heo_ry. Given a strictly positive intqurthe obtain any bounds. Even in the leaky ReLU setting, the
Wasserstein distance between the measRrasdQ is de-  poynds that could be obtained would be meaningless when

ned as the leaky ReLU becomes close to the classical one.

3.3. The Wasserstein metric as a splitting criterion

1=p
W, (P; Q) = ) E”J-Q) Exy) (KX Y KP) . 3.3.2. PPER BOUND CRITERION

3) We propose to rely on a 2-Wasserstein distance criterion
betweerPy andP. s for the non-linearity detection. Com-
where is the set of probability measures B R® having ~ Puting directly the distance is hard, so we will rely on an
marginalsP andQ. upper bound obtained by introducing an intermediary distri-

o ] ) _butionP,, () de ned by linearizing the functiof .
Wasserstein distances enjoy several appealing propern%‘,r.

First, they are proper distances and satisfy, in particular, the 'oposmon 3.3. LetWa(; ) the 2-Wasserstein distance
. : : : . . "~ With respect to the usual Euclidean norm&h Then, for

triangle inequality. It will be bene cial for computing dis- > N and after aoplvincSEl( ) to Py . we have:

tances between mixtures of Gaussian distributions. Secona, Pplyings™i( ;) X '

they also have interesting theoretical properties. Indeed, it Wa(Py ; Py ts1) Be; (4)

is well known (see, e.g., Villani, 2009, Proposition 7.29)

that thep™ Wasserstein distance controls the moments ugvith

to thep-th order. Therefore, whepm 2, Wy ( ; ) can be x 4 —
used to bound the error on the rst two moments, which areBs = L,.» o:1 Ek]+ (5)
sometimes a primary interest. X k=0
Proposition 3.1. Using the previous notations, we have WEx b, K (X) fi(X )k3 4
i i
Y [s] Wy (Py ; Py1s1): h
v v k v [s1y Y [shy k% +
Also, let v ; and . ); be the standard deviations of the L1
P . ! 1 1 = 2
i-th marginals oPy andP. . If p 2, then T et gy 2 ;[S];i - ;[s];i 2

vi oy Wp(Py Pyis)
wheref; is the rst order Taylor linearization of at lo-

. K] - . .

The proof of proposition 3.1 can be found in appendice D.CatoON s s anﬁi] I is the highest eigenvalue of¢ i,
o ) after applyingS™!(;n) to Px . 1y and s (re-
Furthermore, Wa\s/_TIerr]gt(?(r)lO(:gsfl_ar]nces mgtgzecweak con\;l pectively v [T and [s];i) are the rst two moments of
gence (see, e.g., Villani, , Theorem 6.9). Consequen P o1, (respectivelyP, i1, ). L2 is the Lipschitz constant
the convergence in the Wasserstein sense implies the convgwrt "to thel , norms) off , and o4 is the standard error

gence of many interesting statistical quantities. The 1‘ollow-Of the splitting operator S.

ing proposition shows notably that Wasserstein distances

bound the errors on the marginal quantile functions. The proof of proposition 3.3 can be found in appen-
Proposition 3.2. LetQy (respectivelyQ. 1) be quantile ~ dice D.2.2.
functions ofY (respectively?!®l), then: The local linearity hypothesis is here used in two distinct
i Z1 ways. The rstis by rst-order Taylor linearization, and
1

— Qv (0) Quia(qidg Wo(Py ;Pyis) the second using the Gaussian stability by linear applica-
— v s y Py ls
0

- tion. The upper bound is composed of three distinct parts.
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The rst part translates the output error due to the erromwhere is a scaling factor and stands for the number of
performed by splitting the input distributiong; > 0). The  components. The splitting direction corresponds here to
second part evaluates the error due to the approximation ahe direction of the largest uncertainty, i.e. the direction
ter Taylor linearization. The nal part quanti es the moment having the highest eigenvalue. Other splitting directions
drifting betweerP,, ) andP,. s induced by the lineariza- could have been chosen, such as the direction of largest
tion hypothesis. We can note that no analytical formulanon-linearity (Faubel & Klakow, 2010) or the direction of
permits us to compute this upper bound. However, tecHargest non-Gaussianity (Straka et al., 2016). These last two
nigues to estimate this quantity are presented in Section 3.dolutions are not retained in our case because they introduce
an additional computational cost.
3.3.3. THEORETICAL GUARANTEES

. . 3.4.2. MOMENT MATCHING AND UPPER BOUND
We show here the convergence of this upper bound in Propo-

sition 3.4 ESTIMATION
Proposition 3.4. Let R =rank x ) and( 1;::: gr)the Unscented Transform: To estimate the upper bound of
non-null eigenvalues ofx in descending orde®C 2 R, Proposition 3.3, we propose to rely on UT sampling. UT
such that: is a sampling technique which propagates the rst two
p__ moments of the distributioRy s1; = N ( ys15; yis1)
Be! Lapogi CH+ R r . through nonlinear transformatioin by using a2d + 1
®si1 T 1 ~ 7 weighted samples called sigma points, de ned as:
P i P - -
wihc=" 1% W andrg=" 2,2 0 s Zio = e o= o3
P . - . Zigjy = >(‘[S]-'+(p(d+ WU st Ly = L
This gives immediately the following corollary. Y ! ! T2+ )
. . . p— 1
Corollary 3.5. With the notations from Proposition 3.4:  Zij+a =y, ( (d+ )Uype)h) Djed = 2@+ )
Rp ‘R
; . R .
limsupWz(Py ;Pys1) L2201 C+ - 8[% 2 f1,  dg, where pu; = Ugpie, U;(—‘[S];i’
(d+ )U XIsT i )[]] is the j-th column of
The proof of proposition 3.4 can be found in appendice D.3." (d + JUygei, ) is the weight associated with

Applying an in nite time, the split operator guides the crite- thej -th sigma point, and is a free parameter, usually set

rion's upper bound convergence to a constant. This constar®® = d 3. The sigma points are used to estimaes) ;,
depends on the standard error of the splitting operator vl vy @nd 1, by propagation through and
the Lipschitz constarit,., of the networkf , the splitting ~ fi following the procedure detailed in Section 3.4.3.
level n and the initial input uncertainty translated by the

initial eigenvalues of x . We show that this convergence 3.4.3. HOw TO OBTAINf:

bound depends on the initial error committed when Sp"tFormaIIy a neural network can be considered as a non-
ting the initial distribution as a Gaussian mixturg.y can linear pa,rametric functiof ( ; ), results of the concate-

be reduced using a split operator with more componentS iion of L elementary block$:, each composed by a

(highern) and smaller variances (lowe). The number of  jinear transformation and a non-linear activation function:
iterations of the new scheme will also be reduced, and thug _ he 1(:hs(ho (X; o)) = f (X )

the bound holds with the new.; and the old constant.
To obtainf ; , we perform a succession of rst order Taylor

3.4. Practical implementation linearization:Y = hy 1 hy ho(X; o) = f(X; ),
) ) ) o using the2d+1 sigma point<Z;. [j; obtained in Section 3.4.2.
Thg fogow[rllg sfubsectlons c%ntalnrs1 tr(;e practical implemen y notingYi.31 = hi(h 1(:ho(Zig1; o)) and i =
tation details of our proposed method. ngil Wi Y, gy . andYigpo = Zig) then for the layet,
3.4.1. GAUSSIAN SPLITTING we obtainh; by rst order Taylor linearization:
The splitting hyper-parameters from Equations (1)-(2) (pro- (X)) = h( iz 1)+ In (g X g 1) (7)
vided in Appendix E) were obtained by solving the follow- ) .
ing optimization problem: wheredp, ( i1 1)* denotes the Jacobian matrix lnf at
; ~ . [1] . + - “The Jacobian matrix is not de ned everywhere for neural
MiNy; ;- Dt $:>N (O INKSTN ©: 1))+ n networks using ReLU or Leaky RelLU, it is computed in practice
subject to inzl w=1;, 0<~< 1 (6)  using classical computing library (Agrawal et al., 2019)
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location ij 1. Algorithm 1 WGMprop
Finally: Input o
« Input Gaussian distributiofx
%+1 §(+1 ey _
L f(Zen) | (Zeo) « Splitting thresholdT spiit
Yl o RES ¥l o w0 « Number of burn-in stageso
o » Subspace maximal dimensian,
y sl Li(fiZigy)  ve))EiZig)  yeg)T * Levelof split,n
=1 Output:
o) « GMM estimateP\r s1 = (! sy ¢Islis ¢ [s];i)
¢ lsTg Vi (Zigy) ¢is13 )(F (Zig) visTg )7 1: Active subspace selection: x = U; U/
=1 2: Burn in:  Apply so split operationsSSoI(Px ;n)
K1 P =(! o 0 i) (Eq. (1-2))
_ 2 . . 72 % [so] Rlsolis yisolis xisoly
Ex Pylsl; kf (X) fi(X)k5 - ikt (Zigp  fi(Zigpks 3: Split&Merge: For each componeng; (s, ; Of P oo
4. UT sampling: Generat&;;;; and! j (Sec. 3.4.2)
3 4.4. HGH DIMENSIONALITY 5: Prgpa}gatlo.n: EstlmatePY 51 andPY (51 (Seg. 3.4.3)
6: Criteria estimation: ComputeBs using Equation (5)
As the proposed methodqlpgy consider; the neural networky: Splitting: If Bs > Tspic then splitPy, s1; (Eq. (1-2))
as a black box, the scalability bottleneck in terms of memory g: lteration: Apply the steps (4)-(7) to all splitted compo-

usage and computation time resides in the input and output ents Py 151, UNtil Bs < T spic

dimensions (independently of network width), which can be g. Output estimation: Estimate( ¢ (1.5 ¢ts1:)1 i m by
elevated. This problem is rst and foremost encountered in ! !
image processing and convolutional neural network archi-
tectures. More speci cally, our method relies on the inverse
of the input covariance matrixx with computational com-
plexity in O(d®). To improve the scalability of the proposed

moment matching

is a heavily-used key step in the approach of Zhang & Shin

. 2021). Our approach is also tested (without the Leaky-
method, we apply the methodology over the active subspac eLU approximation) for comparison, although it can be
of x (Constantine etal., 2014). The selection of the active pp P ' 9

subspace consists in reducing the dimension by keeping th%Pp“ed directly to the whole network.

r (r d) rstlargest eigenvalues of x using algorithms
such as the Implicitly Restarted Lanczos Method (Calvetti
et al., 1994). To further improve the performances, we can
apply a burn-in stage consisting of initially performisg
splitting iterations, whersg is manually set.

Algorithm 1 presents the full algorithm.

4. Experiments (a) Evolution of the splitting cri- (b) Number of splits as a func-
terion at each step of the iteration of the input variance re-

We rst present a short single ReLU propagation experimentng splitting procedure. quired to propagateX

before detailling our experiment performed over the MNIST N (1:0; ?) through a RelLU.

Fiatase't, where the input dimension allow a deep C.Ompal';_igure 1.Comparison between the KL and the Wasserstein based

ison with a MC reference. Then, we present experiments ;s to propagatX N (1:0: 2) through a ReLU (Leaky-

conducted over the CIFAR-10, CIFAR-100 and Camelyonge, approximation with slope = 10 2 for the KL criterion)

datasets providing a wide range of scenarios.

4.1. Single ReLU experiment First, Figure 1a shows the evolution of the maximum crite-
rion value at each step of the iterating procedure. Our pro-

osed Wasserstein-based criterion decreases as the number
5f splits increases until it falls below the speci ed thresh-

To illustrate the theoretical limitations exposed in Section 2
of the use of the KL divergence to propagate Gaussian distr,

bution through neural networks using ReLU activation func-old, ending the procedure. On the contrary, the criterion

tion, we conduct an experiment consisting in propagating 3 ased on the KL divergence becomes very large and thus

univariate Gaussian distribution through a ReLU activation,[he procedure does not end. More theoretical information
function using the KL divergence based criterion (using the_ pis phenomenon is provided in Appendix A.1. Finally
Leaky-ReLU approximation with slope= 10 3), which '

Figure 1b shows the evolution of the number of necessary
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splits when propagating a Gaussidrf1:0; 2) through a the xed network. The comparison between the reference
ReLU. Observe that it leads to a very large number of splitsdistribution obtained by Monte Carlo Sampling and the one
making the propagation of a Gaussian distribution througlobtained by the various methods is performed using a prob-
the rst layer of a ReLU network already impracticable. abilistic metric such as the 2-Wasserstein distance (2W)
Appendix A.2 also provides the numerical details of the rst but also by comparing the quality of the estimation, using
two iterations of this procedure using the KL divergence andhe Mean absolute percentage error, of the mean probabil-

the Leaky-ReLU approximation with a slope= 10 3. ity(MAPE yean = 100() mc WGMprop J)= mc ), and
of the standard deviatioMAPE s1p). We also compute the
4.2. MNIST dataset 95% con dence interval (I0g}) and the mean prediction

. ) ) ) time (TIME). Table 1 presents the results for the highest
In this section, our method is tested against a MNIST regres;gise intensity as this represents the most challenging set-

sion task by Iool_<ing at the law of logits where inpu'_t imag_estings for our method (requiring the highest number of splits).
are corrupted with different types of noise (Gaussian noise,

blur and contrast noise) at different levels of intensity (I
|2, 13° referring to low, medium and high intensity, respec-Table 1.Numerical comparison of the performance of state-of-the-
tively). These noises were selected in order to cover a widart methods and WGMprop on the three studied noises (Gaussian,
range of scenarios in terms of covariance amplitude. Indee@lur and Contrast) at intensity;. Standard deviation in ().
while the Gaussian noise corrupts the pixels independentl PERFORMANCE CRITERIA
(weak covariances), the blur corrupts each pixel accordingise Method #Gaussian 2w (10) MAPEww  MAPEs, I0Uss  TIME(s)
to its neighborhood (medium covariances) and the contrasts 1 239311)  426(462) 19708(41119) 0342(0156)

. . . B uT 1 0.03(0:05) 0:21(0:26) 6:07(7:98) (:859(0117)  Q06(0:01)
noise affectg the whole image (large cpvanances). The neus . ea 1000 N N N o i
ral network is a 4-layers perceptron with 200 neurons each.  wewpop  3s0  [002(204) [016(020) [si69(a44)| [0:876(0113)] 0:48(204)
Practically, we generat#0* noisy samples, from which 1 3770938) 1361(948) BB52(343)  0145(2037)
we extract a mean vector and the associated variance cos " Lo LHAM0276) 17000089 SATA(LTOS) - 0Ha101) - Gos(a0n

. . R Zhangetal. 10000 -/~ -/~ -/- -/- -/~
variance matrix. Then, we propagate the resultlng normal WGMprop 635 [ 026(021)] [017(a15) [048(a51) [0:920(0034) (0:58(003)
distribution through the network by comparing our method
(WGMprop) to the LPN method (Gast & Roth’ 2018) and uT 1 9585(4512) 6688(2557) 4418(2674) (:446(0162)  Q04(001)

. . . Zhangetal. 10000 -I- -I- -/- -/- -I-

full network UT propagahon paradlgm (Abdela2|z et al., WGMprop 691 [025(023)] [0:18(016)] [026(029)] [0:938(0041) 0:81(010)
2015), referenced as UT@FN in the f0||0Wing_ We have *Number of splits reached the memory limit at the rst ReLU.
not been able to integrate in our experiments, the work of
(Zhang & Shin, 2021) for the reasons previously presented. L ) o )
Figure 2 presents an input sample corrupted with the differti€re, the ‘true’ input noise distribution was tted using a
ent types of noises and levels of intensity. The MC referencéingle Gaussian distribution. However, it is possible to t

is built over1(f generated samples for all experiments.  this input distribution using 2 GMM witi components.
All results for all noises and intensity and fir=1;2; 3

orgina Gaussian siur Contast are presented in Appendix B.

I I2 Is I I2 I3 I I2 Is

LPN 1 8815(3315) 5366(2312) 6655(1003)  0:343(Q099) | Q02(0.00)

Contrast

From an overall perspective, LPN and UT@FN methods
are faster than WGMprop at the cost of accuracy. Indeed,

Figure 2.Input sample image corrupted with different types of no matter the input noise complexity, the mean prediction

noise (Gaussian noise, blur and contrast noise) at different leveldme _of_these methods stays _COﬂStanﬂ:OZS) while their
of intensity (k, 12, I3). prediction errors rise dramatically (the 1@Jdrops from

0.859 for a Gaussian noise and a UT@FN propagation to
0.446 for a contrast noise). In fact, in the case of an in-
4.2.1. REsuLTs put corrupted with a Gaussian noise, the output PDF is

A quantitative performance evaluation was performed oveFIOSE"Iy Gaussian (2-Wasserstein valu@o8 10 ° for_
500test images from the MNIST dataset, comparing theirIhe UT@F_N method) \_/vhereas, for more complex noises,
performance against the MC reference, which shows a meatrl?e Gaussian assumption on the output PDF does not hold.
prediction time of 15.91 seconds (6:5s for sample gen- To illustrate this statement, Figure 3 displays both the es-
eration and 9s for the propagation). We are studying timated output PDFs and the reference PDF (MC) over
here the distribution of the class probabilities provided bysample image 166 (of the test dataset) corrupted with the

T SGaussian Noise = (0:0:0), 2 = (0:002 0:01: 0:05): whole set of noises at the highest intensig).(In the case

Blur: = (0:0,0), 2= (1;16,49); Contrast Noise = of blur and contrast noise, UT@FN and LPN methods suffer
(1;1;1), 2=(0:041:25).(: ) correspond to the parameters from shape misrepresentation due to their Gaussian assump-
setfork, I and k. tion. We can infer that neglecting the covariances in the
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layer propagation proposed by LPN results in low estimaand thus allows a reliable estimation of the different per-
tion accuracy of the output distribution statistics. On thecentiles. We note a higher error towards the low percentiles.
other hand, the WGMprop method captures the shape dfor higher percentiles, our approach shows small MAPE
the output PDF well. Itis, therefore, a good candidate tovalues as well as small dispersion of these errors.

obtain a reliable estimate of the 95% prediction interval

while maintaining a reasonable execution time (a maximum

of 0:81s for the contrast noise).

Figure 4. MAPE boxplots for percentiles 1, 2.5, 25, 50, 75, 97.5
and 99. Input images were degraded by a large contrast keghel (I

4.3. More complex dataset

In this section, we test our methodology over more complex
datasets and network architectures, detailed in Table 2.

Table 2.Experiments details.

Dataset Architecture  Input dimension  Outputdimension  LastLayer  Nb parameters sg

CIFAR-10 VGG8 32 32 3 10 Linear 2,397,216 3
CIFAR-100 VGG 13 32 32 3 100 Softmax 10;171; 936 1
Camelyon VGG 10 96 96 3 2 Sigmad 10; 615; 328 1

Figure 3.Estimated output PDFs (main marginal) for samglét
corrupted by blur kernelTop), contrast noiseMiddle) and
Gaussian-distributed additive noisgattom) (15 intensity). The  Thjs set of experiments allows us to explore different scenar-
putput EDF estimated using Monte Carlo propagation (referencq})S by varying the input and output dimensions, the number
is lled in blue. of parameters in the network, and the kind of last layer used

D . . ... _in the network (linear layer for regression case, softmax
Although the mean prediction time slightly increases W'thfor multiclass classi cation, and sigmoid for binary classi -

the input noise complexity (more Gaussian components Ir(]:ation). For these experiments, we maintain Monte Carlo

the mixture are needed), WGMprop method predictions re: : . o
main highly accuratetOU 5 SUperior to 0.876MAPE yex as a reference and implement UT@FN in addition to our

lower than 0.18%. In addition, the boxplot of the MAPE of method (WGMprop). In the following section, we present

; . ) : high-intensity blur noise results. For these high-dimensional
several predicted percentilel :5, 25, 25, 97.5and99) are _problems, we set the maximum dimension of the subspace

shown in Figure 4. These boxplots present the MAPE distri: L
butions over the different percentiles of the output PDF 1‘ortO 30. The number of burns is indicated by the coluggn
the 3 compared methods for a contrast noise of high inten‘t
sity. As expected, the methods under Gaussian assumption
present high errors on the considered set. Using Gaussidiable 3 presents the results using the same metrics as for

mixture allows a faithful representation of the output PDFthe MNIST classi cation problem.

3.1. REsuLTs

8
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. . seems reasonable.
Table 3.Numerical comparison of the performance of state-of-the-

art methods and WGMprop on Blur noise at the highest level of

intensityl 3. Standard deviation are presented in (). 6. Conclusion
PERFORMANCE CRITERIA 3 ) 3
Dataset Method #Gaussian 2W (10°)  MAPE, MAPE 5, 10Ugs TIME (s) In thls Workl we proposed a WasserSteln-based GaUSSIan
S MC (reference) 3883 Mixture propagation method for input uncertainty propa-
% UT@FN 1 1215(1432) 1696(1358) 3060(1674) 0:634(0122) 039(0:10) gatlon |n Neural NetWOI’kS WGMprOp prOVIdes a rellable
o WGMprop@FN 629 064(0:88) 063(0:63) 173(165) 0877(0061) 177(016) . . . . .
R — pron estimate of the 95% prediction interval in case of highly
% UT@FN 1 139(218) 6033(4367) 3§61(2033) 0320(0227) 041(Q12) corrupted input images. The proposed method is generic by
O \WOMPOp@PN 705 (16003 345@S9 W 284(299) OrES@12) 654(059) considering the neural network as a black box while using
g vedsterenco e its speci cities (strongly linear by part) by computing an
g UT@FN 1 6:96(1232) 4393(8748) 14578(34512) (:131(Q181) 2304(572) p . g y i yp y p g
8 WoMprop@FN 309 025(040) 380(1293) 2514(5098) (0783(0184) 2868(7:18) adapted Wasserstein-based criterion. Moreover, the method

becomes even more relevant compared to standard Monte
Carlo methods when the cost of a single call to the neural

We observe a net increase in execution time for both thgetwork increases. Finally, we provide a theoretical conver-
MC reference and the two compared methods. Indeed aflence guarantee of our Wasserstein-based input uncertainty

three share an incompressible time in selecting the activBroPagation paradigm. This allows to effectively estimate

subspace (abo@35 seconds for CIFAR10 and CIFAR100 thg statistical parameters pf the outpgt dis'tril;)uti'on. In ad-
datasets and abo@® seconds for the Camelyon dataset).d't'on to meeting the previously detailed limitations, the

WGMprop maintains a competitive propagation time com following steps will focus on integrating weight uncertainty

pared to UT@FN, which requires the propagation of onlyto provide a more comprehensive uncertainty budget.
2r +1 samples, where denotes the dimension of the active

subspace. WGMprop maintains high performance over alv. Acknowledgements
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A. Analysis of KL divergence as statistical distance in the Split&Merge paradigm for ReLU
neural networks.

A.1l. Analyse of the KL-based splitting criterion

De nition A.1. (KL divergence) LeP andQ be distributions on the same dét Then theKL divergence op from q,
denoted (PkQ), is de ned as 7
dP

D (PRQ)= G 00log &
d

d (x)

where‘é—F> and‘é—Q are the densities & andQ with respect to a common dominating measure (which always exists). In the
discrete setting, this amounts to

X P (x
DkL (PkQ) = P(x)log ﬁ:
x2U
When bothP andQ have a density with respect to the Lebesgue measure, we obtain
YA 1
p(x)
D PkQ) = X)log —=dx:
kL (PkQ) . p(x) gq(x)

The KL divergence is a particular case of the family of f-divergence. It is not a proper distance since it is not symmetric and
does not verify the triangular inequality (which is primordial in our case to compute distance with mixture distribution). In
a more general aspect, the KL divergence becomes in nite viheépes not dominate, i.e. it exists an everi, such

thatP (A) 6 0 andQ(A) = 0. This happens, for instance, if the supporfofs not included in the on® when or if there

is Q has a density with respect to the Lebesgue measure ®higea mixture of such a density and one putting mass on
singletons. This situation arises for neural networks using ReLU activation functions. Zhang & Shin (2021) proposed to
overcome this problem by approximating the ReLU activation function by a Leaky ReLU with slepk0 K and to

control the criteridD . (pkp) by computing the following upper bound (equation (9) in their paper):

hd
DkL (pkp) Ws;i D (pikpy) ®)

i=1

with Dk, (pikpi) de ned as:

K X X
Dw (pkp) = >t log (f°( 1)) Ep(z) [log (f °(z))]

i=1 i=1

ot ©)

Ci.
+ WEP(E;Z]) [(F@) fCNE(EZ) )]
i=1 j=1 : ]
Theoretically, this upper bound is not de ned for the ReLU activation function. Indeed, when Oand ; < O,
W =1 107K . To circumvent this issue, the authors reduce the upper bound by reducing each term of the
sum i“’ll Wi Dkr (pikpi). As a direct consequenosdsi Dk (pikpi) becomes small whens; is very small. So, the
proposed strategy arti cially increases the number of Gaussian components in the mixture (increasing memory usage and
computation time drastically).

This large number of components makes the KL-based criterion unusable in practice. Indeed, as soon as the rst activation
function (ReLU) is output, a costly merge step must be applied (detailed below). As each of the remaining components has
a different variance-covariance matrix, it is also hecessary to perform as many inverses (the complexity scales with the cube
of the dimension of the current layer), which is impossible for classical CNN architectures.

A.2. Numerical details of the experiments 4

In the single ReLU experiment presented in Section 4, the rst value of the criterion for a univariate Gaussian distribution
N (1:0; 1:0) is 0:333 It is then higher than the threshold valx®01and a step of splitting is applied. In the case of a 7-split
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using the hyperparameters provided in Appendix E, one of the splitted Gaussian compoNgnt9i4992 0:4389). For
this component, the new criterion value explodes to a vall®946Q The following provides the details of this calculatlon
Consiger the univariate Gaussian dISBIbUtN)I(Il 0;1:0). Letz its UT samples, witteg = 1:0,z; = 1:0 + =

1.0+ 1:0 =2:7320andz; =1:0 = 0:732Q Thus:

DkL —+ log(1:0) (= Iog(l 0)+ ,Iog(l 0)+ —Iog(O 001)+ 2( T 0 T 0(3(1 0 1.0)%+ = (2 7320 1:0)%+ = (O 1:0)?
DkL 0:3333

Then, one of th% 7-splitted compo&entsNi 0:4992 0:1926) Following the :ﬁpme formula, we hazg = 0:4992

z; = 04992 + = 04992 + 0:4389 = 0:2609andz, = 0:4992 = 1:2594 Finally:

Dyl 7+ log(0:001) (2 Iog(O 001)+—Iog(1 0)+ —Iog(O 001)+ 1(0 1926 1(2(0 02+ 1 (o 2609 0)%+ - (o 0)2

0:0012
DyxL. 29450

This KL based criterion explosion is due to the fact that for this Gaussian we have its nﬁaanp 3; 0]. In practice, this

situation always arises due to the UT sampling deterministic equations.

A.3. Analyse of the KL-based merging criterion

As mentioned in Sect. 2, the use of a KL based criterion requires a layer wise propagation through the neural network.
It would be possible to manually stop the splitting procedure by introducing a maximum number of components per
layer. However, a merging stage is required before propagating through the next layer. To do so, Zhang & Shin (2021)
propose to rely on the computation of an upper bound of the KL divergence between the Gaussian mixture composed of the
componentgi;j ) and the resulting merge Gaussian distribution. (Equation 21 in their paper).

1 . . .. L.
Bij = 5[(Wi+wj)logj iJ wlogj ij wjlogj jj] (10)

This upper bound needs the computation of the log of the determinant of the covariance matrix of the different Gaussian
distributions. Unfortunately, the determinants in such Gaussian distributions are generally fl¢sedeen equal t0)
which conducts the absolute value of the logarithm to be very large (or even to diverge). Note that

rank(AB)  min(rank(A); rank(B));

for AaK L matrixandB anL M matrix. Practically, it is not rare that the covariance matrix of a Gaussian
component of the mixture is singular. Empirically, we also observe that a few eigenvalues of the covariance matricgs are

In a layer-wise paradigm, the computational cost also depends on the width of each layer of the neural network. Using our
Wasserstein-based approach, it allows propagating the input distribution directly through the whole network avoiding these
problems.
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B. All results

In this section, we display all the results from all experimental settings and additional gures in order to illustrate the
performances of our methodology. Best performing methods for a given performance criterion are highlighted using

green rectangles

B.1. Experiment settings

In the main body, the experiments were conducted by tting the noisy input distribution by a single Gaussian distribution.
However, this input distribution can be tted by a Gaussian mixture distribution Witbomponents. Moreover, our
proposed method considers the neural network as a black box and thus the propagation is performed in a full network fashion
using UT sampling for output moment estimation. We wish to perform a comparison with a layer-wise implementation of
our approach (rendered possible by the sound and suitable Wasserstein criterion presented in Sect. 3). We additionally study
the impact of analytical moment estimations using the theorems provided in Appendix C. Thus, we provide in this section
the results on the MNIST experiment for different value&KothereK 2 f 1;2; 3g (Pedregosa et al., 2011)) and for the
different variants of WGMprop displayed in Table 4:

< LPN: layer-wise propagation of a single Gaussian diagonal distribution using analytical formula

HPN: LPN: layer-wise propagation of a single Gaussian distribution using analytical formula (LPN + covariance
estimations)

UT@LW: layer-wise propagation of a single Gaussian distribution using UT sampling

L]

UT@FN: full network propagation of a single Gaussian distribution using UT sampling

« WGMProp@LPN: layer wise propagation of a GMM using analytical formula (no estimation of covariances)
« WGMProp@HPN: layer wise propagation of a GMM using analytical formula (estimation of covariances)

« WGMProp@UT: layer wise propagation of a GMM using UT sampling

« WGMProp@FN: our main methodology detailed in the main body of the paper.

Table 4.Propagation characteristics for both state-of-the-art methods and the various methods of the WGMprop framework.
Propagation Output PDF Moment estimation Covariance Criterion

Layer-wise  Full Network  Single Gaussian ~ Gaussian Mixture ~ UT Sampling  Analytic ~ With ~ Without =~ Wasserstein KL

LPN 3 7 3 7 7 3 7 3 7 7
HPN 3 7 3 7 7 3 3 7 7 7
uT@Lw 3 7 3 7 3 7 3 7 7 7
UT@FN 7 3 3 7 3 7 3 7 7 7
WGMProp@LPN 3 7 7 3 7 3 7 3 3 7
WGMProp@HPN 3 7 7 3 7 3 3 7 3 7
WGMProp@UT 3 7 7 3 3 7 3 7 3 7
WGMProp@FN 7 3 7 3 3 7 3 7 3 7

Hyperparameters: In the following of this section experimental results are displayed using the following parameters:

so = 0, Tspit = 0:0001, no subspace selection £ input dimensioh In this experimental setting, the MC reference shows

a mean prediction time of 74.53 seconds@5s for sample generation and9s for sample propagation) In the main body

of this paper, the execution time was drastically reduced by setting0.

Noise parameters are the following:

Gaussian Noise = (0;0;0), 2 = (0:0020:01;0:05); Blur: = (0;0;0), 2 = (1;16;49); Contrast Noise
=(1;1;1), 2=(0:041;25).(; ) correspond to the parameters set fgri} and k.
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Hardware and software: The experiments were conducted using a GPU NVIDIA Telsa V100 32GO HBM2 and a CPU
Intel Xeon Silver 4210. All the codes were written using Python 3 (Van Rossum & Drake, 2009) and Tensor ow 2 (Agrawal
et al., 2019). The implementation of our method was not optimized in terms of computation time.

B.2. MNIST dataset

B.2.1. METRIC TABLES

Table 5.Performance comparison for all type of noise and intensity, andkvith 1. Standard deviations are presented ir).

PERFORMANCE CRITERIA
Noise  Intensity Method # Gaussian 2W KL MEAN STD 10Ugs TIME (s)
LPN 1 0:090( 0:130)  0:41( 0:34) 0:16( 0:13)  6255:53( 1570:23)  0:023( 0:010)
HPN 1 0:005( 0:007) 0:03( 0:02) 0:00( 0:00) 0:65( 0:60) 0:948( 0:039)  0:12( 0:01
uT@LW 1 0'009( 0:008) 0:02( 0'02) 0:08( 0'09) 4:04( 2'96) 0'931( 0'039)  0:07( 0:01)
Iy UT@FN 1 0:019( 0:029) 0:04( 0'03) 0:06( 0'07) 7:84( 7:75) 0'904( 0:077)  0:09( 0:01)
WGMprop@LPN  10:14( 6:18) 0:389( 0:351) 0:29( 0:26) 0:15( 0'12)  1227:99( 1576:32)  0:167( 0:117)  0:79( 0'39)
WGMprop@HPN ~ 10:14( 6:18) ‘0:005( o:ooe)‘ 0:02( 0:02)‘ ‘0:00( 0:00)‘ ‘0:61( 0:56)‘ ‘0:952( 0:036)‘ 1:48( 0:81)
3 WGMprop@UT 1:91( 2:15) 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:98( 2:90) 0:932( 0:038)  0:30( 0:20)
WGMprop@FN ~ 6:02( 2:22) 0:019( 0:029) 0:04( 0:03) 0:06( 0:07) 7:75( 7:70) 0:905( 0:076)  0:67( 0:23)
c
g LPN 1 0:000( 0:130) 0:41( 0:34) 0:16( 0:13)  6255:53( 1570:23)  0:023( 0:010)
9 HPN 1 0:005( 0:007) 0:03( 0:02) 0:00( 0:00) 0:65( 0:60) 0:948( 0:039)  0:12( 001
3 uT@LW 1 0:009( 0:008) 0:02( 0'02) 0:08( 0:09) 4:04( 2:96) 0'931( 0:039)  0:07( 0:01)
o Iy UT@FN 1 0:019( 0:029) 0°04( 0'03) 0:06( 0'07) 7:84( 7:75) 0'904( 0:077)  0:09( 0:01)
WGMprop@LPN  10:14( 6:18) 0:389( 0:351) 0:29( 0:26) 0:15( 0'12)  1227:99( 1576:32)  0:167( 0:117)  0:79( 0'39)
WGMprop@HPN ~ 10:14( 6:18) ‘0:005( 0:006)‘ 0:02( o:oz)‘ ‘0:00( o:oo)‘ ‘0:61( 0:56)‘ ‘0:952( 01036)‘ 1:48( 0:81)
WGMprop@UT 1:91( 2:15) 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:98( 2:90) 0:932( 0:038)  0:30( 0:20)
WGMprop@FN ~ 6:02( 222 0:019( 0:029) 0:04( 0:03 0:06( 0:07) 7:75( 7:70) 0:905( 0:076)  0:67( 0:23)
LPN 1 0:090( 0:130) 0:41( 0:34) 0:16( 0:13)  6255:53( 1570:23)  0:023( 0:010)
HPN 1 0:005( 0:007) 0:03( 0:02) 0:00( 0:00) 0:65( 0:60) 0:948( 0:039) : 01)
ut@LW 1 0:009( 0:008) 0:02( 0:02) 0:08( 0°09) 4:04( 2:96) 0'931( 0:039)  0:07( 0:01)
I3 UT@FN 1 0:019( 0:029) 0:04( 0'03) 0:06( 0:07) 7:84( 7:75) 0'904( 0:077)  0:09( 0:01)
WGMprop@LPN  10:14( 6:18) 0:389( 0:351) 0:29( 026) 0:15( 0'12)  1227:99( 1576:32)  0:167( 0:117)  0:79( 0'39)
WGMprop@HPN ~ 10:14( 6:18) ‘0:005( 0:006)‘ 0:02( 0:02)‘ ‘0:00( o:oo)‘ ‘0:61( 0:56)‘ ‘0:952( 0:036)‘ 1:48( 0:81)
WGMprop@UT 191( 2:15) 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:98( 2:90) 0:932( 0:038)  0:30( 0:20)
WGMprop@FN ~ 6:02( 222 0:019( 0:029) 0:04( 0:03 0:06( 0:07) 7:75( 7:70) 0:905( 0:076)  0:67( 0:23)
LPN 1 0:019( 0:132)  13:53( 12:40)  2:20( 1:62)  12922:73( 6028:60)  0:011( 0:009)
HPN 1 0:129( 0:109) 1:89( 1:60) 0:08( 0:09) 5:04( 7:73) 0:746( 0:097)  0:12( 0:01
uT@LW 1 0'151( 0'114) 1:97( 1'58) 0:88( 088) 10:26( 6:68) 0729( 0:092)  0:07( 0:01)
Iy UT@FN 1 0'193( 0156) 2:37( 173) 1:18( 1'13) 18:00( 12:24) 0'711( 0'092)  0:08( 0:01)
WGMprop@LPN  12:52( 9:95) 0:150( 0:325) 0:74(_0:65) 0:32( 0:21) 13:21( 11:50) 0:794( 0:092)  0:92( 0:60)
WGMprop@HPN ~ 10:04( 4:13) ‘0:007( 0:014)‘ ‘0:11( 0:10)‘ ‘0:01( 0:01)‘ ‘0:19( 0:26)‘ ‘0:933( 0:016)‘ 1:40( 0:51)
WGMprop@UT | 7:46( 1:79) 0:011( 0:024) 0:13( 0:11) 0:04( 0:04) 0:68( 0:52) 0:970( 0:021)  0:76( 0:15)
WGMprop@FN ~ 77:73(_ 46:18)  0:042( 0:135) 0:18( 0:17) 0:07( 0:08) 3:21( 8:65) 0:952( 0:102)  7:04( 4:12)
=
=}
3 LPN 1 0:011( 0:065) 45:62( 22:88)  5:25( 4:98)  11079:69( 3116:66)  0:013( 0:004)
HPN 1 0:319( 0:146) 7:35( 3:62) 3:55( 2:42) 8:38( 6:99) 0:766( 0:076)  0:12( 0:01
uT@LW 1 0:435( 0180) 8:17( 424) 4'58( 3'35) 32:74( 13:20) 0'810( 0'108)  0:06( 0:01)
Iy UT@FN 1 0:428( 0'162) 8:14( 321) 4'63( 4'65) 29'84( 11:98) 0770( 0'140)  0:08( 0:00)
WGMprop@LPN ~ 155:03(  104:93)  0:410( 0:229)  1:76( 14:58)  1:20( 9'27) 2i58( 4:03) 0'945( 0:058)  9:38( 5:88)
WGMprop@HPN ~ 64:16( 17:25) ‘0:017( 0:016)‘ ‘0:34( 0:24)‘ ‘0:05( 0:04)‘ ‘0:15( 0:25)‘ ‘0:980( 0:017)‘ 8:20( 2:16)
WGMprop@UT | 43:25( 11:87) |  0:034( 0:033) 0:39( 0:24) 0:20( 0:17) 0:52( 0:70) 0:961( 0:026)  3:73( 0:98)
WGMprop@FN ~ 219:15( 65:99)  0:045( 0:036) 0:43( 0:25) 0:13( 0:13) 1:01( 1:80) 0:953( 0:043)  19:33( 5:77)
LPN 1 0:003( 0:085) 32:79( 17:67)  4:00( 2:71)  9148:25( 2335:73)  0:014( 0:003)
HPN 1 0:311( 0:116) 5:84( 3:01) 4:31( 2:47) 11:44( 8:78) 0:760( 0:080) )
ut@LW 1 0:365( 0158) 6:04( 3:31) 2:46( 238) 24:07( 15:87) 0763( 0:116)  0:06( 0:00)
I3 UT@FN 1 0'393( 0'139) 8:12( 3:25) 8:21( 5'39) 17'86( 1025) 0668( 0'133)  0:08( 0:00)
WGMprop@LPN ~ 235:25(  100:77)  0:498( 0:428)  10°11( 41:46)  4:08( 12:83) 7:54( 8:57) 0878( 0'106)  14:04( 9:96)
WGMprop@HPN ~ 88:19( 23:17) ‘0:030( 0:023)‘ ‘0:47( 0:31)‘ ‘0:10( 0:07)‘ ‘0:43( 0:43)‘ ‘0:952( 0:030)‘ 11:81( 3:05)
WGMprop@UT | 62:61( 15:17) |  0:053( 0:040) 0:62( 0:33) 0:25( 0:19) 0:95( 0:93) 0:927( 0:042)  5:46( 1:27)
WGMprop@FN ~ 218:48( 55:67)  0:063( 0:043) 0:77( 0:50) 0:25( 0:24) 1:15( 1:21) 0:909( 0:051)  20:08( 5:08)
LPN 1 0:018( 0:170)  18:47( 17:70)  2:90( 2:18)  14683:21( 6712:73)  0:011( 0:011)
HPN 1 0:187( 0:185) 2:63( 2:22) 0:11( 0:16) 7:11( 13:77) 0:724( 0:119)  0:12( 0:01
uT@LW 1 0'218( 0'191) 2:79( 2'28) 1:28( 127) 12:81( 9:04) 0704( 0'114)  0°06( 0:00)
I3 UT@FN 1 0'189( 0'190) 2'88( 2'56) 0:22( 0'26) 4:96( 10'58) 0729( 0'111)  0°08( 0:00)
WGMprop@LPN ~ 14:06( 9:89) 0:186( 0:348) 0:85( 0:81) 0:33( 0:27) 10:76( 5:89) 0:803( 0:082)  1:02( 0:61)
WGMprop@HPN ~ 11:97(  5:01) 0:018( 0:031) 0:17( 0:17) ‘0:02( 0:02)‘ ‘0:29( 0:68)‘ ‘0:977( 0:025)‘ 1:63( 0:61)
o WGMprop@UT | 8:13( 2:58) 0:030( 0:052) 0:20( 0:19) 0:06( 0:06) 0:85( 0:71) 0:958( 0:035)  0:79( 0:20)
@ WGMprop@FN  103:61( 71:68)  0:039( 0:121)  [0:13( 0:14) | [o:02( 0:02) | 2:08( 9:51) 0:952( 0:120)  9:49( 6:50)
=
c
& LPN 1 0:015( 0:060) 126:98( 65:74) 17:18( 16:74) 10196:32( 3056:44)  0:016( 0:005)  |0:02( 0:00)
HPN 1 0:928( 0:362)  33:22( 16:45  12:40( 9:17) 11:31( 14:12) 0:670( 0:088)  0:12( 0:01
uT@LW 1 1:070( 0:355)  32:05( 14'82)  10-43( 8:52) 36:93( 16:77) 0748( 0131)  0:07( 0:01)
I UT@FN 1 0:920( 0'342)  31:64( 18:92)  6:11( 4:95) 11:71( 17:75) 0:680( 0:081)  0:08( 0:01)
WGMprop@LPN ~ 281:92( 39:79)  0:267( 0-125) 0:63( 1:17) 0:09( 0:08) 0:24( 0:22) 0:992( 0:008)  16:82( 2:34)
WGMprop@HPN  84:25( 13:48) 0:019( 0:012) 1:45( 2:21) 0:07( o:os)‘ ‘0:06( 0:07)‘ ‘0:993( 0:007)‘ 10:58( 1:66)
WGMprop@UT | 68:63( 12:98) |  0:040( 0:029) : : 0:17( 0:15) 0:23( 0:19) 0:985( 0:015)  5:65 1:03)
WGMprop@FN ~ 383:63( 99:77)  0:018( 0:020) 0:07( 0:07) 0:09( 0:14) 0:991( 0:016)  34:34( 8:96)
LPN 1 0:007( 0:159)  101:48( 56:83) 31:69( 34:55)  6007:26( 1659:82)  0:026( 0:006)  |0:02( 0:00)
HPN 1 0:991( 0:378)  38:38( 17:90)  27:57( 13:04) 11:10( 9:06) 0:640( 0:089)  0:12( 0:01)
uTELW 1 0'966( 0'410)  31:27( 16:59)  14:00( 9:41) 15:75( 14:28) 0:633( 0:096)  0:08( 0:00)
I3 UT@FN 1 0:924( 0:376)  33:98( 19:47)  6:97( 4:87) 9:65( 8:45) 0'604( 0:058)  0:07( 0:00)
WGMprop@LPN ~ 670:06( 148:56)  0:551( 0:316)  32:22( 42:94)  22:27( 30:94) 13:27( 20:02) 0790( 01131)  35:92( 6:72)
WGMprop@HPN  108:17( 9:88) | 0:022( 0:012) 1:46( 3:43) 0:11( 0:07) 0:12( 0:10) 0:989( 0:006) |  14:08( 1:30)
WGMprop@UT ( 9:56) 0:044( 0:026)  [1:23( 3:5) | 0:24( 0:16) 0:31( 0:24) 0:980( 0:012)  8:02( 0:77)
WGMprop@FN ~ 492:59( 91:99)  0:022( 0:015) 1:36( 3:04) ‘0:09( 0:07)‘ ‘0:08( 0:10)‘ 0:985( 0:015)  44:72( 8:36)
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Table 6.Performance comparison for all type of noise and intensity, andKvith2 . Standard deviations are presented ir).

PERFORMANCE CRITERIA

Noise  Intensity Method # Gaussian 2w KL MEAN STD 10Ugs TIME (s)
LPN 2 0:087( 0:141) 0:39( 0:32) 0:16( 0:14) 94:98( 3:25) 0:041( 0:019)
HPN 2 0:005( 0:007) 0:03( 0:02) 0:00( 0:00) 0:65( 0:62) 0:948( 0:039) (
uTeLw 2 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:91( 2:80) 0:931( 0:039)  0:10( 0:00)
UT@FN 2 0:020( 0:045) 0:04( 0:03) 0:06( 0:10) 9:13( 10:68) 0:905( 0:077)  0:14( 0:00)
I WGMprop@LPN ~ 11:04( 5:12) 0:370( 0:340) 0:30( 0:25) 0:16( 0:13) 84:16( 11:00) 0:155( 0:111)  0:84( 0:33)
WGMprop@HPN  11:04( 5:12) ‘0:005( 0:006)‘ 0:02( 0:02)‘ ‘0:00( o:oo)‘ ‘0:62( 0:57)‘ ‘0:951( 0:037) 1:63( 0:70)
WGMprop@UT 2:01( 0:19) 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:91( 2:80) 0:931( 0:039)  0:31( 0:02)
@ WGMprop@FN 5:99( 2:83) 0:018( 0:028) 0:04( 0:03) 0:06( 0:07) 9:05( 10:58) 0:906( 0:075)  0:71( 0:30)
S LPN 2 0:087( 0:141) 0:39( 0:32) 0:16( 0:14) 94:98( 3:25) 0:041( 0:019)
c HPN 2 0:005( 0:007) 0:03( 0:02) 0:00( 0:00) 0:65( 0:62) 0:948( 0:039) (
k] uT@LW 2 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:91( 2:80) 0:931( 0:039)  0:10( 0:00)
2 UT@FN 2 0:020( 0:045) 0:04( 0:03) 0:06( 0:10) 9:13( 10:68) 0:905( 0:077)  0:14( 0:00)
E) I2 WGMprop@LPN ~ 11:04( 5:12) 0:370( 0:340) 0:30( 0:25) 0:16( 0:13) 84:16( 11:00) 0:155( 0:111)  0:84( 0:33)
WGMprop@HPN  11:04( 5:12) ‘o:oos( 0:006) 0:02( 0:02) 0:00( o:oo)‘ ‘0:62( 0:57)‘ ‘0:951( 0:037) 1:63( 0:70)
WGMprop@UT 2:01( 0:19) 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:91( 2:80) 0:931( 0:039)  0:31( 0:02)
WGMprop@FN 5:99( 2:83) 0:018( 0:028) 0:04( 0:03) 0:06( 0:07) 9:05( 10:58) 0:906( 0:075)  0:71( 0:30)
LPN 2 0:087( 0:141) 0:39( 0:32) 0:16( 0:14) 94:98( 3:25) 0:041( 0:019)
HPN 2 0:005( 0:007) 0:03( 0:02) 0:00( 0:00) 0:65( 0:62) 0:948( 0:039)
uTeww 2 0:008( 0:008) 0:02( 0:02) 0:08( 0:09) 3:91( 2:80) 0:931( 0:039)
UT@FN 2 0:020( 0:045) 0:04( 0:03) 0:06( 0:10) 9:13( 10:68) 0:905( 0:077)  0:14( 0:00)
I3 WGMprop@LPN ~ 11:04( 5:12) 0:370( 0:340) 0:30( 0:25) 0:16( 0:13) 84:16( 11:00) 0:155( 0:111)  0:84( 0:33)
WGMprop@HPN  11:04( 5:12) ‘o:oos( 0:006)‘ 0:02( o:oz)‘ ‘o:oo( o:oo)‘ ‘0:62( 0:57)‘ ‘0:951( 0:037) 1:63( 0:70)
WGMprop@UT 0:008( 0:008) :02( 0:02) 0:08( 0:09) 3:91( 2:80) 0:931( 0:039)  0:31( 0:02)
WGMprop@FN 0:018( 0:028) :04( 0:03) 0:06( 0:07) 9:05( 10:58) 0:906( 0:075)  0:71( 0:30)
LPN 0:103( 0:398) 5:43( 4:04) 0:61( 0:39) 64:94( 204:91) 0:418( 0:096)
HPN 0:062( 0:124) 0:96( 0:75) 0:03( 0:05) 2:19( 10:58) 0:894( 0:074)
uTeLw 0:061( 0:061) 0:81( 0:59) 0:23( 0:19) 5:39( 3:20) 0:858( 0:071)
UT@FN 0:131( 0:108) 3:15( 4:03) 3:18( 4:15) 6:74( 6:72) 0:844( 0:092)
I WGMprop@LPN ~ 9:07( 2:41) 0:278( 0:433) 0:61( 0:57) 0:18( 0:12) 6:80( 6:36) 0:896( 0:071)  0:70( 0:14)
WGMprop@HPN ~ 8:99( 2:63) 0:030( 0:120) 0:09( 0:10) 0:01( 0:02) 0:979( 0:023) 1:29( 0:33)
WGMprop@UT g0l 21D | |o:025( 0:046) | 0:11( 0:13) 0:04( 0:06) 0:969( 0:031)  0:79( 0:18)
WGMprop@FN ~ 55:78( 30:05) 0:045( 0:093) 0:09( 0:08) 0:04( 0:04) 0:962( 0:069)  4:92( 2:61)
- LPN 2 0:028( 0:307) 8:01( 3:60) 2:00( 1:61) 19:79( 169:47) 0:681( 0:139)
=] HPN 2 0:227( 0:130) 1:45( 0:82) 0:21( 0:17) 1:64( 1:91) 0:880( 0:047)
o uTeww 2 0:282( 0:145) 1:86( 0:91) 1:35( 1:15) 2:40( 2:78) 0:859( 0:061)
UT@FN 2 0:336( 0:178) 7:62( 7:92) 7:41( 7:85) 3:57( 3:71) 0:823( 0:071)
I2 WGMprop@LPN ~ 32:76( 16:69) 0:236( 0:273) 0:43( 0:24) 0:22( 0:17) 1:20( 1:93) 0:955( 0:033)  2:14( 0:99)
WGMprop@HPN ~ 22:98(  6:48) 0:023( 0:018) 0:18( 0:16) 0:02( 0:02) | [o09( 0:08) | [0:84( 0:010) 3:06( 0:83)
WGMprop@UT 15:88( 3:39) 0:043( 0:036) 0:18( 0:12) 0:09( 0:07) 0:23( 0:21) 0:972( 0:019)  1:44( 0:29)
WGMprop@FN 137:44( 42:71) 0:042( 0:054) 0:05( 0:04) 0:27( 0:71) 0:970( 0:034) 12:22( 3:76)
LPN 2 0:010( 0:213) 6:92( 2:51) 2:50( 2:00) 65:02( 475:44) 0:599( 0:217)
HPN 2 0:316( 0:157) 2:36( 1:20) 0:46( 0:37) 2:22( 1:78) 0:823( 0:050) (
uTeLw 2 0:363( 0:178) 2:53( 1:11) 1:94( 1:30) 4:97( 4:21) 0:788( 0:064)  0:10( 0:01)
UT@FN 2 0:476( 0:198)  11:05( 12:43)  13:31( 15:69) 7:57( 6:63) 0:768( 0:070)  0:12( 0:00)
I3 WGMprop@LPN ~ 52:53( 13:76) 0:499( 0:325) 0:24( 0:11) 0:11( 0:10) 1:82( 1:86) 0:954( 0:039)  3:36( 0:83)
WGMprop@HPN  28:74( 7:94) 0:027( 0:016) 0:31( 0:24) 0:02( o:oz)‘ ‘0:11( 0:09)‘ ‘0:982( 0:008) 3:80( 0:99)
WGMprop@UT 19:33( 5:36) 0:061( 0:042) 0:29( 0:16) 0:13( 0:10) 0:46( 0:47) 0:960( 0:020)  1:75( 0:45)
WGMprop@FN ~ 174:10( 46:61)  0:031( 0:028) 0:03( 0:03) 0:20( 0:25) 0:973( 0:023)  15:59( 4:13)
LPN 2 0:265( 0:496)  11:52( 9:90) 1:26( 0:94) 102:79( 226:88)  0:327( 0:087)
HPN 2 0:125( 0:158) 2:41( 1:90) 0:15( 0:18) 7:20( 34:32) 0:794( 0:100) (
uTeLw 2 0:106( 0:085) 2:14( 1:59) 0:68( 0:57) 11:14( 6:59) 0:754( 0:091)  0:10( 0:00)
UT@FN 2 0:084( 0:084) 2:71( 2:25) 0:17( 0:19) 2:73( 5:81) 0:797( 0:095)  0:12( 0:00)
I WGMprop@LPN ~ 10:53( 5:81) 0:396( 0:527) 0:58( 0:45) 0:22( 0:15) 7:40( 4:85) 0:868( 0:052)  0:81( 0:37)
WGMprop@HPN ~ 9:49( 3:01) 0:060( 0:146) 0:24( 0:23) 0:03( 0:02) 4:34( 38:48) 0:972( 0:025) 1:40( 0:38)
WGMprop@UT 8:07( 0:71) 0:020( 0:034) 0:25( 0:23) 0:06( 0:06) 0:81( 0:61) 0:963( 0:030)  0:82( 0:06)
WGMprop@FN  89:94( 57:08) ‘0:016( 0:046)‘ ‘0:15( 0:15)‘ ‘0:02( 0:01)‘ ‘0:73( 4:59)‘ 0:974( 0:072) 8:25( 5:18)
-
@ LPN 2 0:149( 0:653)  31:74( 18:54)  7:11( 5:42) 83:05( 359:62) 0:521( 0:145)
= HPN 2 0:845( 0:296)  23:87( 11:23)  6:36( 4:41) 11:51( 8:08) 0:732( 0:086) (
S uTeLw 2 0:795( 0:265)  17:77( 7:63)  4:62( 4:89) 12:09( 6:35) 0:754( 0:094)  0:10( 0:01)
o UT@FN 2 0:864( 0:306)  30:22( 15:86)  4:87( 3:99) 4:87( 4:70) 0:654( 0:078)  0:12( 0:01)
I2 WGMprop@LPN ~ 370:66( 96:08)  0:265( 0:239)  7:06( 36:28)  4:81( 27:88) 3:86( 28:30) 0:981( 0:073)  21:98( 5:41)
WGMprop@HPN  86:94( 14:74) 0:026( 0:029) 1:46( 1:79) 0:09( 0:04) [oay( 01| ooy o:010)| 11:11( 187)
WGMprop@UT | 72:18( 11:22) 0:044( 0:028) 1:51( 2:00) 0:18( 0:11) 0:38( 0:31) 0:983( 0:016)  5:97( 0:91)
WGMprop@FN ~ 433:62( 119:44) ‘0:021( 0:025)‘ ‘1;12( 1:53)‘ ‘0:06( 0:03)‘ 0:10( 0:49) 0:901( 0:010)  38:18( 10:52)
LPN 2 0:101( 0:518)  71:86( 61:45)  24:81( 31:99) 1571:97( 2001:32)  0:301( 0:347)
HPN 2 0:859( 0:416)  29:50( 20:17)  19:91( 15:17) 9:11( 8:48) 0:705( 0:136)  0:21( 0:00)
uTeLw 2 0:916( 0:388)  25:29( 17:43)  11:11( 9:79) 12:46( 13:13) 0:685( 0:124)  0:09( 0:01)
UT@FN 2 0:805( 0:442)  31:99( 23:11)  7:24( 6:33) 8:51( 9:57) 0:678( 0:140)  0:11( 0:00)
I3 WGMprop@LPN ~ 558:15( 143:52)  1:545( 0:963)  114:32( 88:74) 39:09( 60:09)  35:73( 139:52) 0:693( 0:220)  27:66( 5:31)
WGMprop@HPN  138:44( 50:48) | 0:027( 0:031) 2:45( 4:40) ‘0:16( 0:10)‘ ‘0:13( 0:17)‘ ‘0:987( 0:009) | 17:39( 6:26)
WGMprop@UT | 122:07( 46:22) |  0:049( 0:033) 2:20( 4:38) 0:31( 0:21) 0:31( 0:27) 0:976( 0:017)  9:98( 3:71)
WGMprop@FN ~ 371:46( 196:76)  0:179( 0:208)  12:76( 16:35  2:06( 3:10) 2:79( 4:62) 0:844( 0:172)  32:44( 17:04)
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Input uncertainty propagation through trained neural networks

Table 7.Performance comparison for all type of noise and intensity, andKvith3 . Standard deviations are presented ir).

PERFORMANCE CRITERIA

Noise  Intensity Method # Gaussian 2w KL MEAN STD 10Ugs TIME (s)
LPN 3 0:068( 0:138)  0:37( 0:30)  0:16( 0:13)  93:03( 3:49)  0:055( 0:021)  |0:03( 0:00)
HPN 3 0:005( 0:007)  0:03( 0:02)  0:00( 0:00)  0:65( 0:61)  0:948( 0:039)  0:3L( 0:02
uT@LW 3 0:008( 0:008)  0:02( 0:02)  0:08( 0:09)  3:88( 279)  0:931( 0:039)  0:13( 0:01)
I UT@FN 3 0:019( 0:034)  0:04( 0:03)  0:06( 0:10)  8:88( 10:38)  0:907( 0:074)  0:20( 0:01)
1 WGMprop@LPN  10:86( 8:17) 0:202( 0:327)  0:32( 0:27)  0:16( 0-13)  87:01( 9:72)  0:125( 0'100)  0:82( 0'51)
WGMprop@HPN ~ 10:85( 8:16) ‘o:oos( 0:006) 0:02( 0:02) 0:00( 0:00)‘ ‘0:64( 0:58)‘ ‘0:950( 0:037)‘ 1:54( 1:06)
2 WGMprop@UT 3:00( 00) 0:008( 0:008)  |0:02( 0:02) 0:08( 0:09)  3:88( 2:79)  0:931( 0:039)  0:40( 0:01)
S WGMprop@FN 6:44( 2:97 0:018( 0:027)  0:04( 0:03)  0:06( 0:06)  8:85( 10:38)  0:908( 0:074)  0:77( 0:31)
g LPN 3 0:068( 0:138)  0:37( 0:30)  0:16( 0:13)  93:03( 3:49)  0:055( 0:021)
B HPN 3 0:005( 0:007)  0:03( 0:02)  0:00( 0:00)  0:65( 0:61)  0:948( 0:039) (
2 uT@LW 3 0:008( 0:008)  0:02( 0:02)  0:08( 0:09)  3:88( 279)  0:931( 0:039)  0:13( 0:01)
= I UT@FN 3 0:019( 0:034)  0:04( 0:03)  0:06( 0:10)  8:88( 10:38)  0:907( 0:074)  0:21( 0:01)
it 2 WGMprop@LPN  10:86( 8:17) 0:202( 0:327)  0:32( 0:27)  0:16( 0:13)  87:01( 9:72)  0:125( 0:100)  0:82( 0'51)
WGMprop@HPN  10:85( 8:16) ‘o:oos( 0:006) 0:02( 0:02) 0:00( o:oo)‘ ‘0:64( 0:58)‘ ‘0:950( 0:037)‘ 1:54( 1:05)
WGMprop@UT 3:00( 00) 0:008( 0:008)  |0:02( 0:02) 0:08( 0:09)  3:88( 2:79)  0:931( 0:039)  0:40( 0:01)
WGMprop@FN 6:44( 2:97) 0:018( 0:027)  0:04( 0:03)  0:06( 0:06)  8:85( 10:38)  0:908( 0:074)  0:78( 0:31)
LPN 3 0:068( 0:138)  0:37( 0:30)  0:16( 0:13)  93:03( 3:49)  0:055( 0:021)  |0:03( 0:01)
HPN 3 0:005( 0:007)  0:03( 0:02)  0:00( 0:00)  0:65( 0:61)  0:948( 0:039)  0:3L( 0:02
uT@LW 3 0:008( 0:008)  0:02( 0:02)  0:08( 0:09)  3:88( 279)  0:931( 0:039)  0:41( 0:01)
I UT@FN 6:44( 2:97) 0:018( 0:027)  0:04( 0:03)  0:06( 0:06)  8:85( 10:38)  0:908( 0:074)  0:77( 0:31)
3 WGMprop@LPN  10:86( 8:17) 0:202( 0:327)  0:32( 0:27)  0:16( 0:13)  87:01( 9:72)  0:125( 0:100)  0:83( 0'52)
WGMprop@HPN ~ 10:85( 8:16) ‘0:005( 0:006) 0:02( 0:02) 0:00( 0:00)‘ ‘0:64( 0:53)‘ ‘0:950( 0:037)‘ 1:57( 1:07)
WGMprop@UT 3:00( 00) 0:008( 0:008)  |0:02( 0:02) 0:08( 0:09)  3:88( 2:79)  0:931( 0:039)  0:13( 0:01)
WGMprop@FN 6:44( 2:97 0:018( 0:027)  0:04( 0:03)  0:06( 0:06)  8:85( 10:38)  0:908( 0:074)  0:77( 0:31)
LPN 3 0:190( 0:408)  2:63( 1:70)  0:28( 0:17)  18:46( 14:03)  0:631( 0:094)  |0:02( 0:00)
HPN 3 0:093( 0:191)  0:41( 0:35)  O: :03)  4:80( 17:61)  0:958( 0:040)  0:31( 0:01
uT@LW 3 0:029( 0:030)  0:33( 026) O : 2:63( 1:75)  0:936( 0:038)  0:12( 0:00)
I UT@FN 3 0:108( 0:074)  3:87( 543) 4 9:47( 6:61)  0:926( 0:078)  0:16( 0:01)
1 WGMprop@LPN  8:47(  2:23) 0:259( 0:432)  0:73( 0:77) O 5:47( 517)  0:801( 0:075)  0:68( 0:14)
WGMprop@HPN ~ 7:23( 3:15) 0:085( 0:192) 0:15( 0:20) 4:39( 16:40)  0:975( 0:033) 1:07( 0:42)
WGMprop@UT 5:37( 2:99) 0:023( 0:028)  0:20( 0:21) 1:63( 1:68)  0:958( 0:036)  0:58( 0:25)
WGMprop@FN ~ 51:66( 25:87) ‘0:018( 0:044)‘ ‘0:02( 0:03)‘ ‘0:02( 0:01)‘ ‘0:44( 2:07)‘ ‘0:983( 0:046)‘ 4:75( 2:33)
=
2 LPN 3 0:007( 0:300)  5:44( 2:95)  0:55( 0:53)  6:14( 6:48)  0:846( 0:096)  |0:03( 0:00)
HPN 3 0:123( 0:082)  1:09( 0:66)  0:14( 0:15  0:69( 0:81)  0:938( 0:041)  0:32( 0:02
uT@LW 3 0:182( 0:121)  0:94( 0'51)  0:51( 0:38)  2:05( 1:88)  0:922( 0:055)  0:12( 0:00)
I UT@FN 3 0:230( 0:140)  6:08( 5'61) 8:27( 6:73)  483( 3:31)  0:896( 0:065  0:17( 0:00)
2 WGMprop@LPN  20:45(  4:00) 0:169( 0:270)  0:38( 0:23)  0:11( 0:12) 1:11( 1:3%)  0:969( 0:035)  1:41( 0-24)
WGMprop@HPN ~ 18:64( 3:33) 0:023( 0:032) 0:12( 0:09)  [o:01( 001 | [o:06( 0:08) | 0:988( 0:010)  2:58( 0:43)
WGMprop@UT | 16:58( 3:03) 0:054( 0:063)  0:13( 0:10)  0:08( 0:11)  0:28( 0:33)  0:975( 0:020)  1:51( 0:24)
WGMprop@FN ~ 138:06( 36:60) ‘0:015( 0:015)‘ ‘0:06( 0:05)‘ 0:02( 0:02) 0:07( 0:17) 12:61( 3:32)
LPN 3 0:027( 0:163)  3:70( 1:65)  0:49( 0:39)  7:28( 7:15)  0:810( 0:097)  |0:02( 0:00)
HPN 3 0:199( 0:099)  1:09( 0:72) 1:08( 0:61)  0:902( 0:033)  0:3I( 0:02
uT@LW 3 0:245( 0:129)  1:01( 0'51) 1:86( 1:35)  0:881( 0:044)
I UT@FN 3 0:365( 0:155)  11:98( 12:96) 10:34( 7:19)  0:832( 0:058)
3 WGMprop@LPN  21:55( 3:16) 0:263( 0:240)  0-24( 0:12) 1:30( 1:07)  0:962( 0:027)
WGMprop@HPN ~ 20:96( 2:54) 0:024( 0:023) 0:12( 0:11) 0:10( 0:08)
WGMprop@UT | 19:67( 2:83) 0:048( 0:048)  0:12( 0:09) 0:28( 0:41)  0:977( 0:017)
WGMprop@FN ~ 131:53( 30:41)  0:027( 0:022) 0:982( 0:014)
LPN 3 0:258( 0:439)  6:91( 8:19)  0:74( 0:69)  47:64( 99:38)  0:542( 0:176)
HPN 3 0:138( 0:178)  1:65( 1:58)  0:10( 0:14)  7:95( 43:90)  0:874( 0:092) (
uT@LW 3 0:077( 0:076)  1:36( 1.33)  0:37( 0:46)  7:02( 6:05)  0:834( 0:094)  0:13( 0:00)
I UT@FN 3 0:202( 0:136)  9:59( 12:48)  6:93( 853)  16:81( 13:57)  0:825( 0:092)  0:16( 0:00)
1 WGMprop@LPN  14:11(  2:13) 0:447( 0'474)  0:30( 0:31)  0'12( 0'12)  3:86( 2:42)  0:876( 0:056)  1:02( 0'13)
WGMprop@HPN ~ 12:64( 3: 0:093( 0:174) 0:20( 0:21) 0:01( 0:01)  6:64( 41:50)  0:973( 0:036) 1:78( 0:42)
WGMprop@UT | 11:15( 0:021( 0:034)  0:24( 0:25)  0:05( 0:06)  0:69( 0:85)  0:966( 0:032)  1:05( 0:26)
WOMprop@FN  90:85( 53:80)  [0:014( 0:039) | [0:10( 0:12) | [ow01( o:01) | [0:28( 1:90) | [o:e8i( 0:052) | 8:18( 4:79)
-
0
g LPN 3 0:162( 0:413)  23:78( 12:53)  6:16( 4:20)  30:62( 56:14)  0:635( 0:159)
IS HPN 3 0:676( 0:237)  17:89( 8:59)  3:70( 2:47)  10:26( 3:63)  0:746( 0:079)
8 uT@LW 3 0:663( 0:208)  1354( 5:09)  2:44( 1:90)  9:13( 5:15)  0:760( 0'117)
I UT@FN 3 0:859( 0:453)  57:17( 62:62) 27:73( 5L:36) 10:22( 14:92)  0:696( 0:082)
2 WGMprop@LPN  342:99( 125:17)  0:335( 0:419)  6:72( 22:02)  2:85( 9:72) 1:31( 4:41)  0:967( 0:088)
WGMprop@HPN  70:21( 18:98) 0:028( 0:030) 2:61( 3:54) 0:10( 0:05) 0:12( 016) 0:992( 0:009)
WGMprop@UT | 56:98( 14:85) 0:041( 0:028)  2:67( 3:85)  0:15( 0:09)  0:33( 0:24)  0:986( 0:014)
WGMprop@FN  345:40( 99:62) ‘0:021( o:ozz)‘ ‘2:20( 3:23)‘ ‘0:07( 0:04)‘ ‘0:09( 0:56)‘ ‘0:994( 0:013)‘ 30:55( 8:81)
LPN 3 0:167( 0:423)  16:85( 10:33)  4:36( 3:56)  7:95( 18:25)  0:845( 0:149)  |0:02( 0:00)
HPN 3 0:223( 0:107)  9:31( 5:72) 2:24( 1:80)  4:55( 3:80)  0:835( 0:134)  0:3L( 0:02
uT@ELW 3 0:250( 0:113)  7:03( 4'11) 1:84( 1'53)  3:16( 2:27)  0:808( 0:142)  0:12( 0:00)
I UT@FN 3 0:331( 0:148)  43:43( 37:50) 20:60( 22:83)  4:98( 7.01)  0:742( 0:073)  0:16( 0:00)
3 WGMprop@LPN  287:24( 78:33)  0:349( 0:461)  2:52( 4:01)  0:04( 0:18)  0:09( 0:20)  0:983( 0:016)  17:33( 4:69)
WGMprop@HPN ~ 50:65( 14:57) 0:015( 0:033) 4'53( 6:30) 0:02( 0:01) 0:06( 0:11) 0:994( 0:009)  6:67( 1:89)
WGMprop@UT | 42:70( 11:48) 0:018( 0:012)  4:64( 6:38)  0:06( 0:05  0:14( 0:12)  0:993( 0:011)  3:64( 0:94)
WOMprop@FN  231:09( 59:52)  0:009( 0:008) | |3:97( 549) | [0:01( 0:01) | [0:03( 0:16) | [ 0:997( 0:008) | 20:53( 5:32)
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Input uncertainty propagation through trained neural networks

B.2.2. BOXPLOT RAW DATA TABLES

In this subsection we provide the boxplot for all noises and valu&s aff 1; 2; 3g and intensityl 3.

Figure 5.Mean absolute percentage error over the percentileBidure 6.Mean absolute percentage error over the percentiles 1,
2.5, 25, 50, 75, 97.5 and 99 between WGMprop methods &l 25, 50, 75, 97.5 and 99 between WGMprop methods and MC
MC reference for contrast noise of intensityandK =1 (Top), reference for blur noise of intensity andK =1 (Top), K =2

K =2 (Middle) andK =3 (Bottom). (Middle) andK = 3 (Bottom).

Figure 7.Mean absolute percentage error over the percentiles 1, 2.5, 25, 50, 75, 97.5 and 99 between WGMprop methods and MC
reference for Gaussian noise of intensigyandK =1 (Top), K =2 (Middle) andK = 3 (Bottom).
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